Advanced Integration
10.1 — Integration by Parts

Basic Formulas

n _ 1 a+1
1. f)lc dx=—x"14+C (n#1)
2. [=dx =1In|x| +C

X
3. [e*dx=e*+C
4. [e®dx = leax 4 ¢
a

Substitution Formulas
n _L n+1 —
5.f111du—n+1u +C (m#-1)
6. [=du=Inlul+C
u
7. [e*du=e*+C

Integration by Parts Formula:
8 Judv=uv— [vdu uandv are differentiable

Explanation for Formula:

For two differentiable functions u(x) and v(x),
hereafter denoted u and v, the product rule is

/

L}

uv = Su' vdx +5uv' dy

Pro Tip:
Set u equal to expression that is easily differentiable.
Set dv equal to expression that is easily integrated.

Further Suggestions for Choosing u and dv.
For Integrals of the form: Choose:

[ x"e**dx u=x" dv=e“dx
[x™Inxdx u=lInx dv=x"dx

[(x + a)(x + b)"dx u=x+a dv=(x+b)dx

Ex. A: Integration by Parts
#1) Use integration by parts to find J. xe“dx .

©) K(A dv= uv—gv a[q
SX e dx= XC*—S e*dx

@ = xe - «C

#1: Set expressions
equal to u and dv.

#2: Differentiate u
to get du and
integrate dv to get v.

#3: Substitute
expressions for u,
du, v, and dv into
the integration by
parts formula.

#4: Finally
integrate the [v du
portion of the
formula.

Check the above answer by differentiating the
answer. Do you get the original integral?

/ /
(xe®) - (e*) ~()
’ )
= (x§e"+ x[er) - %<0
= le*+ xex-e™
= ¥Xe*
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#2) [x%In(x) dx

b o S

5(\.\{;) wdy = (u(x)- 3\< 5 (1on

5“ dvs wv -~ Svd-""

GimlA - de = lnb L «® -§L
W lnbd) - 5 IxH

"3’
= Tk - 35 «C

< (L) ay

Ex B: Which of the following integrals require
integration by parts, and which can be found by a u-
substitution? (Do not solve the integrals.)

#1) Ixexdx

Uus=x Av:e"dk

——__r-c/\'\-eq‘,o\‘}fbf\ b\f PG{AS

#2) J.xe"2 dx

- Subsh dhn
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Ex C: Integration by parts & “p” substitution
#1) [(2x — 1)°(x + 3) dx

u=x*3 ol\[ =(2¢-l)5;|x

5u dv = Lv - Svdu

_S(x*'&@:-)%ht = (""—5).7_ (Dx l) S—'—(Dx ) Ix
*Z L fxe3) (o) - & S Llap
= et (o) el
= [x4d) (ox-u)"’ - T‘b—g_ (Dx-a)7+ C

#2) [(x —2)(3x +5)* dx

w=x-? dv =

du .| Caw = §(§xf§)qa!x

AR

Ju:dx V- SP =
vz e’

fu dv= v - Svdu
{(x-o)3nesSdx = (D)% (345 ) - S (axesVle
S eNaxesy e Se5 2L
_ e 3eesY ~ WL PO

- L (7&'9)(3&*5)5. 270 &“*5—) +C
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10.1 — Integration by Parts
Present Value of a Continuous Stream of Income
If a business generates income continuously at the rate C(t) dollars per year, where ¢ is the number of years from
now, then C(t) is called a continuous stream of income. Present value is the amount now that will later yield the
stated sum. To find the present value of a sum under continuous compounding we multiply by e™, where r is the

interest rate and ¢ is the number of years.

Present Value of a Continuous Stream of Income

T C(t) = rate in dollars per year
Present Value = f C(t)e "dt t = number of years from now
2 T = years at continuous interest rate

r = interest rate (as a decimal)

Ex.B: Finding the Present Value of a continuous Stream of Income

President Business
#1) President Business generates income at the rate of 2¢ million Lego dollars per year, where t is the number of

years from now. Find the present value of this continuous stream for the next 4 years at the continuous interest rate
of 10%.
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